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•U  If  MART  -  OlM  paper  de&l0  with  a  theoretical 
investigation  of  ourface  wavco  propae;nting  aloo^; 
a  Terr ite-co8 ted,  pcrfectljr  conducting  cylinder. 
An  approximate  •iq>re88ion  determining  the  prop- 
agation constant  ia  derived ,  and  a  brief  numoricol 
analysis  la  carried  out  in  order  to  give  exaaplea 
of  the  variation  of  the  phase  velocity  with  the 
involved  paraaeters  and  to  establish  the  order 
of  allowed  dimensions  if  the  approxinationa  made 
should  be  ;)u8tified. 


^>  "ntmoviocTioB 


IKiring  the  last  ten  years  considerable  interest  has 


and 


The  term  '•surface  wave"  is  here  used  in  the  aenso:  An  eiectro- 
masnetie  wave  that  propagates  without  radiation  along  the 
interface  between  two  different  media* 

Tbie   concept  of  the  existence  of  each  waves  is  not  new. 
In  1899  Soimaerfeld^  showed  that  o  wave  can  propagate  without 
radiation  along  an  infinitely  long  cylindrical  wire  of  finite 
conductivity,  m  1907  Zenneck^  described  a  wave  that  travels 
along  a  plane  boundary  between  two  homogeneous  media  of  dif- 
ferent condttctivity  and  permittivity^ 

Althott^  the  surface  wave  theory  is  not  new  most  of  the 


work  has  been  done  in  recent  years 


iiSi^ficant 


stop  forward  was  taken  by  Goubau^  who  in  1950  published  a 


)f  ssislly  sym- 

conducting 


cylinder 


However,  by  applying 
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a  thin  coating  of  a  dielectric  to  the  surface,  or  by  cor- 
rugating this,  Goubau  shows  that  the  transmission  system  can 
support  an  axially  symmetric  TM  mode.  Higher  modes  have  been 
inrestigated  for  the  Sommerfeld  case  by  Hondros  ,  but  they 
can  be  shown  to  be  of  no  practical  interest  because  most  of 
the  propagated  energy  is  confined  to  the  interior  of  the 
conductor.  OSie  purpose  of  the  modification  of  the  surface 
is  to  bring  down  the  phase  velocity  (which  for  a  non-leaking 
surface  wave  must  be  less  than  the  free-space  velocity  in 
the  surrounding  medium)  in  the  ob;ject  of  increasing  the  decay 
of  the  fields  in  the  transverse  direction.  This  means  furthe 
that  the  size  of  the  launching  device  may  be  reduced. 

In  most  of  the  literature  on  this  subject  the  coating, 
that  has  been  applied  to  the  conducting  surface  for  above- 
mentioned  purpose,  has  been  isotropic,  namely  a  dielectric. 
©le  present  paper  considers  a  perfectly  conducting  cylinder 
coated  by  a  thin  layer  of  ferrite  which  is  DC  magnetized  in 
the  longitudinal  direction.  The  characteristic  aspect  of 
such  a  system  is  that  the  propagation  constant  of  a  surface 
wave  propagating  in  the  axial  direction  can  be  changed  by 
varying  the  DC  magnetization.  This  suggests  that  the  structure 
may,  for  example,  be  applied  as  a  surface  wave  antenna  with 
the  interesting  property  that  the  radiation  pattern  can  be 
controlled  electrically  by  adjusting  the  current  through  the 

magnetizing  solenoide. 

In  1958  Pease^  published  an  article  treating  surface 
waves  traveling  over  a  ferrite-coated  conducting  plane.  He 
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obtains  expressions  for  the  propagation  constant  of  the  wave 

I 

propagating  over  the  surface  for  three  typdcal  directions  of 
the  DC  magnetization,  one  of  these  heing  coinciding  with  the 
direction  of  propagation.  He  does  not  carry  out  any  numer- 
ical analysis  and  his  discussion,  therefore,  reveals  nothing 
about  the  allowed  order  of  thickness  of  the  ferrite  film  in 

practical  problems. 

The  following  analysis  contains  Goubau's  as  well  as 
Pease's  resurlts  as  special  cases.  The  method  used  is  based 
on  the  approach  of  Suhl  and  Walker^;  a  secular  equation  from 
which  the  propagation  constant  can  be  found  by  a  semigraphical 


method  is 


under  the  condition  of  large  radius  of 


At 


the  conductor  and  small  thickness  of  the  ferrite  coating. 
the  end  of  the  paper  the  numerical  results  of  some  specific 
examples  are  given. 


2.  SYMBOLS. 


The  following  list  contains  the  symbols  which  are  used 
frequently  throughout  the  text. 

a,  radius  of  the  cylindric  conductor. 

6,  thickness  of  the  ferrite  coating. 

a  -a +  6.  outer  radius  of  the  ferrite-coated  structure. 

r,(p,z,  cylindrical  coordinate  system. 

1,  electric  field  vector. 

5,  magnetic  field  vector. 
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Field  components  in  directions  of  coordinate  axes 
indicated  by  E  or  H  with  proper  subscripts » 

C  and  D  constants  determining  the  magnitudes  of  the 
2-components  of  the  electric  and  magnetic  fields,  respectively, 
for  the  surface  wave. 


■<i 


to,  angular  frequency, 
k^ ,  constant  determining  transve 
surface  waveo 


rse  variation  of 


P,  phase  constant  of  surface  wave. 

X,  constant  determining  transverse  variation  of  fields 
within  ferrite. 


n,  mode  number 


(1) 


p,  Haiikel  function  H^  -"(k^r). 
p',  H^1)'(k^r). 

£ ,  dielectric  constant  of  ferrite 

t    ,  dielectric  constant  of  vacuum 
o ' 

iX   ,  permeability  of  vacuiimo 


w 


r 


0   0  M 


,  tensor  permeability  of  magnetized 
il   ferrite  o 


^~  /^o 


p  =  -^ 


q=1 


«2 


H  ,  steady  magnetic  field  within  ferrite 
M_,  saturation  magnetization  of  ferrite. 


o 


Y 


_  0  0^S2  M2^ 


gyromagnetic  ratio 


k  ,  free-space  propagation  constant  of  vacuum 

0  ' 
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The  rationalized  MKS  unit  system  is  used  throughout 
and  the  time  factor  is  e*''*'  . 
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GENERAL 


The  z-dependence  of  the  fields  is  assumed  to  be  given 


by  e 


-dpz 


and 


field  in  the  z-direction.  Fig.  1  shows  the  situation  of  the 
ferrite-coated,  perfectly  conducting  cylinder  in  the  cylin- 


V  ' 


Mf  nlium   I 
Me'iium  2 


PiK.  1.  Cross-section  of  the  investigated  cylindrical 
structure  and  its  position  in  coordinate  system. 


drical  coordinate  system  r,(p,z;  the  axis  of  the  cylinder 
coincides  with  the  a-axis.  Radius  of  the  conductor  is  a, 
and  the  layer  of  ferrite  applied  to  the  surface  of  this  has 


the  thickness 


6. 


5.1,  Fields  in  the  Surrounding  Medium. 

The  solution  of  Maxwell's  equations  in  the  isotropic 


With 


Medium  1,  which  is  assumed  to  be  vacuum,  is  well  known, 
the  adopted  normalizing  convention,  according  to  which  all 
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lengths  are  multiplied  with  w^  and  magnetic  field  strengths 
are  multiplied  by  J^   ,  the  field  components  in  Medium  1  are 


It 

ii 


I 


I  ' 


II  i 


(1a) 


(lb) 


(1c) 


B    =0^-\t^r)   =  Cp 
H    =DH^^\k^r)   =  Dp 
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I. 
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(Id) 


(le) 


•    (1f) 


^f-    Tl 


1 


c)E 


6h 


(-l^-r^) 


1 


r  (3(p 


or 


kf  » 

1 


c)H. 


^=  r? 


^   (d^i&-P^) 


k' 


£    r 


1 


-^:^  F  « 
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^1 


\-l^ 


it 


•'° ''^  ^  I  ^)  = -^¥  i^ « *  ^^p;^  ^ 


1 


1 


H^^^k^r)!  p'=H<^^(k^r). 
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The  usefi^lness  of  the  normalization  is  evident  from  the 

analysis  of  Appendix  I. 

Since  it  is  the  object  of  the  present  paper  to  investigate 
non-leaking  surface  waves,  the  fields  in  a  transverse  plane 
must  decrease  in  a  static  manner  with  increasing  r.  This 
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means  that  p  must  be  greater  than  the  free-space  prop- 
agation constant  in  Medium  1  and  the  solution  for  k^  to 


"be  used  is 


r 


^1 = V^'  - 1 


In  order  to  obtain  decaying  fields  in  the  transverse  di- 
rection only  the  Hankel  function  of  first  kind  can  be  used 
in  the  expressions  for  E^  and  H^.  If  k^  had  been  chosen  equal 


to 


i\f^  -   f-  A  .  the  Hankel  function  of  second  kind,  ex 


elusive ly,  would  have  been  involved. 

,  o(n!p  +  lot  -  pz) 
In  the  field  expressions  a  factor  or  e  . 

a  any  integer,  is  omitted.  That  the  <, -variation  is  given  by 
the  factor  e''''"  is  due  to  the  fact  that  the  solution  for  the 
fields  in  the  ferrite  requires  such  a  rf-dependenoe.  Thus  by 
the  continuity  of  the  tangential  components  of  the  fields 
through  the  boundary  between  the  two  media  the  same  factor 
must  express  the  <f,-variation  of  the  fields  in  Medium  1. 

In  all  the  following-  field  expressions  the  dependence 

.i(n;  +  ut  -  pz) 

of  any  component  upon  ,{, ,  t  and  z  is  of  the  form  e 
but  this  factor  is  suppressed  for  simplicity. 


5,2.  Fields  in  the  Ferrite. 

The  derivation  of  the  general  field  expressions  in  a  ferrite 
medium,  magnetized  in  the  direction  of  propagation  of  the 
fields,  has  been  treated  by  Suhl  and  Walker^  and  the  present 
analysis  has  been  based  on  their  approach.  In  the  analysis 
anisotropy  and  exchange  fields  have  been  neglected,  so  that 
the  total  magnetic  field  in  the  ferrite  consists  of  the  DC 
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,  H^,  and  the  AC  f ield,  H,  this  being  very  small  compared 

with  H  '.  The  assumption  of  negligihle  effect  of  the  anisotropy 

o 

holds  for  sufficiently  high  frequencies  (f  >.-$000  Mc/s  for 

H  '^^lO^  A/m;  lower  frequency  limit  for  higher  magnetizations). 

o 
When  the  ferrite  is  not  very  close  to  gyromagnetic  resonance, 

exchange  fields  as  well  as  losses  may  be  neglected. 

The  tensor  permeability  for  the  ferrite  is 


(2) 


H  = 


0 


■0^ 

/J. 

0 


0 

0 


assuming  that  the  steady  magnetic  field  is  so  strong  that 
the  ferrite  is  fully  saturated. 

The  derivation  of  the  general  field  expressions  in  the 
ferrite  by  the  method  of  Suhl  and  Walker  is  reviewed  in  a 
slightly  modified  form  in  Appendix  I. 

The  field  components  E^,  H^,  B^  and  H,^  in  the  ferrite 
as  derived  in  Appendix  I,  equations  (37a),  (37b),  (^2a)  and 


(42b),  are  as  follows 


(3a) 


E  = 
z 


A2^1  -  ^1*^2 


A 


A 


1 


(3b) 


\   = 


.  Vi  -  'i'2 


(3c)   v(q2-f2)(Ai-VE^  =  -f  i^CAsVi-A^V^)  -    PUVi 


+  ^[p5(^2Vi-'SV2)  ^  v^(q- 
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(3d)    dV(q^-9^)(Ai-A2)i^-F 


5(A2Vi-^iV2)  +  P<i^Vi-V2) 


-  AR^2Vi  ~^iV2)  ^P9Cv1  -  V2) 


4> 


I 


.•* 


I 
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where  Vi  sad  Vg  •*•  Bi^en  by 


(*«) 


V,  .  A;H(1>(Xir)  >  B^l42)(^^^) 


(4b) 


V2  =A^H<1\X2^)  *B242)(^2r) 


and  A^tAg  «  ^^  a^*  ^2 
(33). 


determined  by  equations  (32)  and 


SIMUI/PANEOUS 


ppnPAftATTQH  CQHSTAKT  AND  FIELD  COMFOKENTS 


©xe  next  step  toward  the  solution  of  the  given  problem 
will  \>e   to  derive  a  pair  of  simultaneous  equations  that 
determines  p  and  the  mutual  magnitude  of  the  z-components 
of  the  magnetic  and  electric  fields. 

The   boundary  conditions  require  that  the  tangential 
component  of  the  electric  field  vanishes  at  the  surface  of 
the  perfectly  conducting  cylinder,  and  that  the  tangential 
components  of  the  electric  and  magnetic  fields  be  continuous 
throu(5h  the  boundary  between  Media  1  and  2.  This  can  be  ex- 
pressed  by 
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(5a) 
(5b) 
(6a) 
(6b) 

(6c) 
(6d) 


f  z]r=a  •  ° 
Pz]  r=a+6  -  = 


B 


r=a+t+ 


=  p(p]  r=a-h£ 


a+o-h 


[\|r=a+8-  "=[ 
5<p_r=:a+£-  =[^(pJr=a+6  + 


=a+6 


z  r=a+o+ 


Prom  (3c)  it  is  seen  that  if  the  (p -dependence  had  been 
chosen  completely  general  as  e^^^  Ke"^^n  the  left-hand 
side  oir   (5b)  would  have  been  a  linear  combination  of  the 


form 


K^(e^^^-Ke-^''')  +  K2(e^^^^^Ke 


-dnq 


) 


=  (K^  +^)e 


dn(p 


(K.  -  K2)Ke 


;)n(f 


where  K.  and  K^  are  parameters  depending  upon  the  properties 
of  the  entire  system.  For  n^^O,  K^  ^  0  as  seen  from  equations 
(5a),  (3b),  (3c),  (5a)  and  (5b) «  Hence  above  expression  cannot 
identically  equal  zero  unless  K^  +  K^  =  (K^  -  K2)K=  0,  which  is 
only  fulfilled  for  K  =  0.  For  n  =  0  the  applicability  of  the 

factor  e*^^^  is  obvious. 

A  rigorous  solution  of  the  problem  turns  out  to  be 
extremely  complex,  two  simplifying  assumptions  will  therefore 


be  introduced.  Olhese  are 


(7) 
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The  first  condition  has  the  effect  that  the  Hankel 
functions  involved  in  the  expressions  for  the  V's  may  be 
substituted  by  their  asymptotic  values.  Hence  equations  (4a) 
and  (4b)  may  be  written 


» 


I 


(8a) 


Vi 


+  B 


1  \fr 


(8b) 


V2  '■ 


=   A. 


+  B. 


The  second  condition  \x\6  «   1  justifies  the  approximation 

V 

^^^  can  be  substituted  by  the  two  first  terms  of  its 


that  e 


Taylor  series.  Thus 


(9) 


tdx5  i  1  t  jx8 


Under  the  restricting  conditions  of  (7)  the  field  com- 
ponents in  the  two  media  as  given  in  equations  (la)  to  (If) 
and  (3a)  to  (3d),  when  substituted  into  the  boundary  conditions 
(5a)  to  (6d).  results  in  two  simplified  simultaneous  equations. 
The  detailed  mathematical  analysis  is  carried  out  in  Appendix 
II.  The  magnitude  of  the  field  components  of  the  surface  wave 
and  the  propagation  constant  can  be  derived  form  the  resultant 
pair  of  simultaneous  equations  (56)  and  (58)  of  the  Appendix  II 
These  equations  are  quoted  below. 
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(10a)     p 


9S( 


a  + 


jL  +  n(1>4>^°^J^ 


q^v' 


£ 


a 


(q-9^)(1+^)  +  n(1  -  q)9^ 


-  +  dii>> 


1 


1 


-dv 


(<i-§^) 


q  -9 


(q-^'')(i*^)^^(^-^)Sir 


+  tr-  2l(a+c)b 


Ej"    p 


i1 


(10b) 


i(a+5) 


+  q 


q  -.v. 


u^T^xTr^rr^^^^^)?^ 


^  T  ^^-^> 


-dp 


(q-9")(i+5t)  +  ^(i-^>i: 


1 


D  =  0 


where  r=a+^  is  inserted  in  the  expressions  for  p  and  p'o 

These  equations  can  have  solutions  for  C  and  D 
which  are  not  simultaneously  zero  only  if  the  determinant  of 
the  system  is  zero.  This  leads  to  a  secular  equation  for  p 
which  is  not  shown  here.  The  secular  equation  is,  however, 
extremely  complex  and  can  only  be  attacked  by  numerical  means. 
When  p  is  determined  the  ratio  D/C  can  be  found  from  either  of 
the  equations  (10a)  and  (10b)o 
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SYMMETRIC 


A  general  solution  of  the  given  problem  is,  as  mentioned, 
difficult  due  to  the  complexity  of  the  final  pair  of  simul- 
taneous equations.  Since  the  situation  of  most  practical 
interest  is  the  one  corresponding  to  n=0,  i.e.  axial  sym- 
metry of  the  fields,  the  further  analysis  will  be  confined 

to  this  case. 

For  n  ==  0  the  characteristic  set  of  equations  can  be 


written 


(11a)  P5S 


1  - 


q  -9 


1 

4aCa+6) 


C- 


dKq-9^) 


6(1-^1^ 


1 


q  -9 
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-^.\^'^b 


D  =  0 


(11h) 


1  +  <1 


q  -s 


2   6i_ 

4aCa-»-6) 


6(u4) 
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-dPv 


c  2 
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2  d   ^aCa+e; 


D  =0 


Equating  the  determinant  of  these  equations  to 
yields  following  quadratic  equation  in  k^^ 


zero 


(12) 
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1.(q*^(<l-9^)-^)^ 


L 


q--9 


r2 
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-  v(q- 


2n^o  !.2'j^  j)^ 


5  )t  ^^ 


Ip 


-N?(q-9^)-^&(l4) 


An  approximate  solution  for 


YTZ    ^o 


(1)(,/^^(a^)) 


will  now  be  found  tinder  the  assumption  that 


t    q  -Q 


4a 


Ca+ 


r> 


v(q-9  )"r<- 


is  small  compared  with  unity.  This  is  fulfilled  as  long  as 
the  propagation  constant  of  the  surface  wave  is  only  slightly 
greater  than  the  free-space  propagation  constant  for  Medium  1 . 
Since  the  limit  of  p  for  £-»  0  is 
that  above  condition  is  valid  for 

Further,  since  ^«1»  '^  +  2i.a(a+<^)  "^ 
of  equation  (12)  can  be  written 


equal  to  k^,  it  is  seen 
6  "being  sufficiently  small 
1.  Hence  the  discriminant 


Zi  i  1  +2  (q+  V(q-S  )-^)   ^   ^ 

I  q  "-5^ 


2    ^^ 
2faXa+oT 


-  v(q-v  )t-^J 
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1  +2 


P  £      2    c  2 


,.   2.^0  f  2 
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.  Kq-?^)^  §2 
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Of  the  two  solutions  obtained  one  can  be  eliminated,  because 
it  becomes  infinite  for  6=0,  and  since  p  is  known  to  be 


in  this  case,k^^  must  be  equal  to  zero 


Thus 


(13) 


2^  e 


6 


kl^  =  ;(q-9^)  f^^'^^^ 


i 


or,  inserting  the  expressions  for  k^ ,  p,  p'and  q. 


(14)  /(?^7^ 


dH 


(1) 


d 


/^2-i 


1  k^(a+S) 


-H 


(1) 
1 


;) 


i/(^)^-  1  ^o^^^ 


S) 


V(1-S^)-P^ 


.5(14) 


P    6o 

Ihia  has  a  real  solution  for  p  only  ia  the  case  V( 1 -5  )  >  -^' 
It  is  conrenient  to  introduce  an  approximation  which  is 
justified  When  p ,  for  6  sufficiently  small .  can  be  mihsti- 
tuted  hy  ^  on  the  right-hand  side  of  (14).  When  this  is  done, 
it  is  noticed  that  (14)  is  valid  also  if  the  parameters  lc„,  P, 
a  and  6  are  substituted  by  their  actual,  non-normalized  values 
It  is  further  practical  to  introduce  the  outer  radius  of 
the  structure,  a^!  as  a  paraoneter  instead  of  a.  Thus  (14) 


^BV 


I 


i. 


-  17  - 


i 


I 


i 


I, 
M 


J 


41 


obtains  the  form 


(15) 


i4'\i]l^^-'  ^o 


) 


\W-' 


0  o 


6^1 


v(i-§  )-^ 


ic.&d 


Two  special  cases  have  been  treated  by  other  authors. 
If  the  coating  had  been  an  ordinary,  isotropic  dielectric, 

^;(1-S^)  becomes  unity  and  equation  (14)  is  seen  to  agree  with 

3 
the  expression  found  by  Goubau  . 

When  a  tends  to  infinity  (15)  can  be  written 


(16) 


(|-f-1  = 


V(i-5^>-^ 


k  h 
o 


By  a  few  rewritings  including  insertion  of  V=:^  and  ^-^ 
this  can  be  brought  into  a  form  identical  to  the  expression 

5 
obtained  by  Pease-'. 

Insertion  of  the  expression  (13)  into  (11a)  yields,  with 
the  assumptions  made  about  the  parameters,  following  approxi- 
mate  expression  for  ^ 


C 


^  =  -dPs 


to  r  2 


For  all  situations  that  lead  to  a  real  solution  for  p,  this 
expression  is  very  small.  This  shows  that  the  surface  wave 
is  mainly  a  TM  mode,  but  a  small  TE  component  must  be  present 
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in  order  to  satisfy  Maxwell's  equations.  In  the  case  of  an 
isotropic  dielectric  coating  ^  =  0  and  a  pure  TM  wave  is  now 
supported  "by  the  structure. 

When  (13)  is  inserted  into  (11h)  this  equation  becomes 


The  second  term  can  generally  be  neglected  in  comparison  with 
the  first  one,  and  the  equation  is  approximately  satisfied 
because  of  the  small  value  of  the  left-hand  side  (second 


order  in 


4). 


6.  MTMERICAL  RESULTS 


In  the  following  the  results  of  a  brief  numerical 
analysis  are  given  in  graphical  form.  Tables  of  the  functions 
dH(^^(dy)  ^^   -H^^^oy)  are  available*^.  The  calculations  are 
carried  out  for  a  specific  material  like  Perramic  R-1  or  R-3 
with  saturation  magnetization  0.5  Wb/m^,®  and  relative  di- 
electric constant  10. 

The  graphs  in  figs.  2  and  3  are  useful  in  solving  equation 


(15). 


The  analysis 


shows  that  the  phase  velocity  v  (fig.  4) 


This  is  due  to 


increases  with  increasing  DC  magnetization. 

the  fact  that  cr  =  MiJa  increases  with  H^  and,  as  seen  from 
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fig.  2,  9(1  -9  )  will  decrease  when  d   increases.  Hence  the 
right-hand  side  of  (15)  decreases,  when  H  increases,  which 
"by  comparison  with  fig.  3  shows  that  g~  will  decrease. 

For  constant  magnetization  ^  decreases  with  frequency 
similarly  to  the  case  of  dielectric  coating,  only  the  effect 

» 

9 

of  frequency  variation  is  more  pronounced  when  the  frequency 
approaches  gyromagnetic  resonance  (fig.  5)»  The  behavior  of 

-,  when  the  frequency  increases,  is  the  combined  result  of  the 
c 

variation  of  the  involved  parameters,  d    and  p  will  decrease. 


[ 


9(1  -9  )  will  therefore  increase.  The  "electrical  thickness" 

of  the  ferrite  coating  will  increase.  These  phenomena  will 

tend  to  increase  §-.  Mentioned  effects  will,  however,  be  cou 

^o 
acted  by  the  increasing  "electrical  diameter"  of  the  entire 

system.  The  effect  of  the  latter  variation  is  not  as  sig- 


•   fk  * 


,  though,  as  the  one  of  the  first  two,  hence  the 
resultant  effect  is  the  shown  drop  in  ^  with  increasing  fre- 
quency. The  continuation  of  |  above  the  line  | =  1  is  uncer- 
tain  because  the  propagation  constant  becomes  complex  and 
the  solution  of  equation  (14),  with  p  -  ;ja  substituted  for  p  will 
be  difficult  and  beyond  the  scope  of  this  paper.  Furthermore, 
the  frequency  will  approach  the  resonance  region  where  the 
entire  theory  will  not  hold  because  of  the  simplifying  assump- 
tions  about  the  ferrite.  However,  a  possible  variation  is 
intimated  by  the  dotted  continuations  of  the  corresponding 

curve  s . 

Finally,  from  fig.  6,  it  is  seen  that  by  letting  the 


DC  magnetic  field  vary 


with  frequency,  falling  as  well 


ll»  Tmi'  tl»n 
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as  rising  pliase  velocity  curves  may  be  obtained. 

For  small  deviations  of  p  from  k  ,  as  considered  her-j, 
($6)  can  with  approximation  be  written 


(17) 


X^-(p  +  o.9<*)X-o.i  =  0 


1 


f  i 


Vi 


r 


I 
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It 


(normalized  p  =0.1).  Prom  this  equation  and  (55)  X  can 

I 

be  found  and  the  ^justification  of  the  approximations  may  be 
verified.  An  analysis  shows  that  for  the  values  of  ^  appearing 
in  the  graphs  IX  a>'v5,  so  that  the  substitution  of  the  Hankel 
functions  of  this  argument  with  their  asymptotic  values  yields 


a  good  approximation 


X 


6  does  not  exceed  0,8,  a  rather  high 


value  which  it,  however,  only  obtains  at  the  highest  values 
of  6  considered 5  it  is  noted  that  X,  a  and  £  are  here  the 
normalized  values  so  that  a  and  h   increases  with  frequency. 
Hence  only  at  the  highest  frequencies  approaches  |X0  0.8, 
and  the  approximation  involved  here  is  still  acceptable. 
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FiK.  4.  Phase  velocity  versus  DC  magnetic  field  in  ferrite 

.  „__  a  =  5-70  mm,  (S  =  0o^78  mm,  f  =  8„4-  kMc/So 

a^=  2„28  mm,  6=  0.191  mm,  f  =  20„  1  kMc/s 

-.-  a^=  2o28  mm,  £=  0,191  mm,  f  =  42„1  kMc/s 


—••-  a_=  00 


6=  0.191  mm,  f  =  42,1  kMc/s 
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Pig.  5.  Ptiase  velocity  versus  frequencyo  a^=  5»70  mm,  6=0.159  mm 
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2.  Ferrite  coating.  H^=  4078x10-"  A/m 

3.  Ferrite  coating.  H  =  7o 17x10^  A/m 
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Pig. 6. 


PhasB  velocity  versus  frequency  with  DC  magnetization 
being  dependent  upon  frequency.  aQ  =  5./0  mm. 
t.  H  =25.6x10"^  f,  5  =  0.159  mm. 

2.  H°  =  3.04x10""''^f^,^=  0.159 

3.  H^  =  25.6x10"^  f,  <S=0.259mm. 
4!  /  =  3.04x10-''^f^,6  =  0.239 
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7.  CONCLUSION, 


a?he  analysis  verifies  that  electromagnetic  waves  can 
propagate  without  radiation  along  a  ferrite-coated  cylindric 
conductor.  The  behavior  is  similar  to  the  one  of  the  dielec- 
tric-coated cylinder,  only  when  approaching  the  gyromagnetic 
resonance  condition  the  deviation  will  be  pronounced. 

For  small  thickness  of  the  ferrite  layer  the  mode  of 
propagation  with  axial  symmetry  is  a  hybrid  type  with  a  small 
TE  component  superposed  onto  the  dominant  TM  field.  A  pure  • 
TM  field  cannot  exist.  The  general  performance  can  be  com- 
pared with  the  one  of  a  Goubau  type  transmission  line  where 
the  dielectric  constant  of  the  coating  can  be  electrically 

r 

regulated. 

The  transmission  system  is  reciprocal.  It  is  well  known 

from  the  theory  of  Faraday  rotation  that  propagation  of  an 

electromagnetic  wave*  in  the  direction  of  the  steady  magnetic 

ield  in  a  ferrite  material  is  non--reciprocal.  Before  the 


introduction  of  the  ferrite^coating  in  the  considered  system 
this  is  reciprocal.  The  effect  of  the  perturbation  caused  by 
the  coating  is  small  as  long  as  this  is  sufficiently  thin. 
This  explains  why  the  transmission  system  is  reciprocal  to 
the  order  of  approximation  here  usedo 

'   '  As  a  possible  application  one  may  think  of  a  phase 
shifter  in  an  open  transmission  system  like  the  Goubau  line., 
Another  possibility  is  the  application  of  a  finite  length  of 
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the  transmission  line  as  a  surface  wave  antenna  .  The 
radiation  pattern  of  this  may  be  adjusted  by  varying  the 
propagation  constant,  which  again  can  be  done  electrically 
through  variation  of  the  DC  magnetization.  This  may  be  useful 
for  tuning  of  antennas  used  over  a  wide  frequency  range  or 
for  .putting  of  th«  radiation  pattern.  The  magnetization 
of  the  ferrite  can  also  be  made  a  function  of  the  frequency 
80  that  the  I   curve  may  obtain  a  rising  character  over  a 
larger  frequency  range.  This  property  usually  leads  to  a 
greater  constancy  in  the  radiation  pattern  of  an  antenna, 
when  the  operating  frequency  is  varied. 

It  should  be  mentioned  that  the  radiation  pattern  of  the 


symme 


a  null  in  the  axial  direction.  This  type  of  antenna  has 
been  suggested  used  for  certain  kinds  of  direction  finding 
equipment  or  as  beacon  antennas  . 

A  more  detailed  discussion  of  the  possible  applications 
of  the  system  treated  in  this  paper  must  of  course  be  post- 
poned until  a  thorough  analysis  of  the  radiation  properties 
has  been  carried  out . 
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APPENDIX  I. 


Review  of  Derivation  of  Fields  with  z 
-JP^  in  Unbounded  Perrite  Medium.  DC 


e 


Dependence 
Magnetic 


Field  in  z-Direction. 


J! 


t 


It  is  convenient  to  introduce  two  parameters  c/  and  p 
"by  the  definitions 


(18) 


d  = 


YJHo 

0) 


and  p  = 


YjM, 


/^o^ 


^1 


where  y 


H 


f  1    c\   o^tMra<Vs^ 
is  the  gyronagnetic  ratio  C|Y  =u.^^i  JJ^^' 

is  the  internal  steady  magnetic  field  and  M^  is  the 


saturation  magnetization.  For  the  lossless  situation  following 
expressions  can  he  derived,  as  first  done  by  Polder, 


(19) 


^   /*o 


1  -  per  -  tf 
— 5 — 


(20) 


5  =  /- 


a 


1  -  p(y  -  d 


^ 


1' 


Further  a  "starring  operation"  will  be  introduced  by 


the  definition 


A  =  (a,b) 


A*=  (b,-a) 
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Finally 


With  this  notation  Maxwell's  equations  for  the  ferrite 
medium  can  he  written  in  the  following  forms 


(21a) 
(21h) 
(22a) 
(22h) 


7'*Hj^+  dpK^=   du)tl^ 


7  E^  +  dpE^=  "dw.^H^  -  tioyH^ 


^•< 


=   -dt^i^o^: 


where 


1  =  3.+  H^z     and     E   =  E^  +  E^z 


It  is  possible  to  simplify  above  set  of  equations  by 
defining  a  certain  normalizing  convention.  As  a  unit  of  length 
will  be  used 


CO 


V>^' 


,  The  relation  between  the  actual  and  the 


normalized  propagation  constants  ^^   and  p,  respectively,  will 


.! 


then  be 
(23a) 


Pa  =  H^^o^ 


Further,  5  will  be  measured  relatively  to  W^  so  that  the 
normalized  5  has  the  dimension  of  an  electric  field. 


(23b) 


In  the  normalized  notation  Maxwell's  equations  can  be 


rewritten  into 


(24a) 


=A 


V**H  +  OPK^  =  dE^ 


^'. 


) 


(24b) 
(25a) 
(25b) 
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V*Bj^  +  dpi* 


=  OE 


=  -VCdH^^-^^t) 


-JH 


/ 


1 


i 


I 


JL 


and 


re- 


where  V  and  9  have  "been  substituted  for 

spectively.  Elimination  of  I^  and  5^  yields  two  simultaneous 
equations  in  the  variables  E^.  and  H^^.  Below  set  of  equations 
is  obtained  by  following  differential  operations  on  equations 
(24a)  and  (25a):  V-(24a),  V-(25a),  7^- (24a)  and  v''-(25a). 
For  short  1  -  ■^  is  denoted  by  q. 


(26a) 
(26b) 
(27a) 
(27b) 


dP7.3*  =  d7.E^  =  -PE^ 

dPvE*  =  -dV^(7.H^  +  9E^)  =  pH^ 


d7-E.  = 


7\^m'\   =  -V(-d7-H*  +  9V»l!^)=-V?(E^  +  §V.II^) 


Hence 


(28a) 
(28b) 


V^E2+  V(q 


It  is  evident  from  these  equations  that  pure  TE  and 
TM  fields  do  not  exist.  It  will  therefore  be  practical  to 
determine  the  linear  combinations  of  E^  and  H^  that  satisfies 
the  simultaneous  equations  (28a)  and  (28b).  Let  such  linear 
combinations  be  written  as 


t 
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(29) 


V  =  E  +  jAH, 


i 


Multiplication  of  (28a)  with  j/.  and  adding  to  (28b) 
yields  following  equation 


(30)  7^v+  C^'C^i-S^)  +  P9^)B2  +  dA(q  +  ^)  =  o 


This  is  an  equation  of  "y  alone  of  the  form 


(51) 


v^V+^^V  =  0 


if  and  only  if 


X^  =  y(q-c^^)  +  P9A  =^-^^ 


or 


(32) 


a2  .  ar^(pq^-^  )a  .  1  =  0. 


If  the  roots  of  this  equation  are  denoted  by  A^  and  -A2, 


respectively,  it  is  seen  that 

* 

values  of  X  are 


-*  • 


A.Ap  =  -1,  and  the  corresponding 


(53) 


^1,2  =  v(q-r)+P^^A^^2  =  ^-P^^2,1 


I 


Introducing  the  substitution  ?<   =  p/  equation  (52)  can 


be  written 


(54) 


A"  - 


I 


1 
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.  f 


h 


W( 


utilizing  (19),  (20),  (33)  and  (3^)  X^  ^2  ^'^^  ^^  expressed 
exclusively  in  terms  of  A^  2  ^^^  ^ 


(35) 


X 


1  -A 


1,2 


li2 


1-crA 


1,2 


and  (3^)  becomes 


(56) 


A^  -  (p  +  cr(i-p^))A-P^  =  0 


"#i 


I 


From  (29)  is  seen  that 


Hence 


(37a) 


(37b) 


Vl  =  E^+dAlH 


V2  =  ^""^ 


H 


E   = 
z 


A2V1  -■^1^2 


A. 


1 


H-  =3 


Vi  -  V2 


* 


iK 


r« 


I 


To  satisfy  the  boundary  conditions  in  the  particular 
problem  investigated  the  (f-variation  of  the  solution  for  the 
fields  must  be  given  by  e^°f'  ,  where  n  is  any  integer.  Assuming 
this  a-dependenoe  (51)  can  be  written 


(38) 


i4(-%^)*^'^i.2-4)yi.2  =  o 


( 


i 

t 


I 


I 

IP  ^ 


I 


\'\ 


I 


I  I 


^ 


( 
i 


10 


f 
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These  equations  have  the  solutions 


(59) 


Vi,2  = 


where  the  factor  e*^^'^  is  omitted  for  simplicity.  The  four 
constants  k\,   k^,    B^  and  B^  can  he  determined  by  the  boundary 
I  conditions  of  the  specific  problem. 

It  is  convenient  to  denote  the  starring  operation  by 
the  symbol  P.  With  this  notation  equations  (24a)  and  (25a) 
can  be  rewritten  into 


I 


(40a) 
(40b) 


=  -7H 


jPE^+dPH^ 


-dpE^-^  v(dP-^)n^  -  ^ 


E 


z 


The  solutions  with  respect  to  E^  and  11^  are 


(41a) 
(41b) 


v(q-  o^P)E^  =  -JpvE^-  v(jP-  S')^^^, 
V(q-D^P)H^  =  d(P^E^-P^^lz) 


Using  the  identity 


a  -  P  = 


1  +  a' 


a  +P 


V(q-d9P)'=  OS^C^  -  P)  =  d^»^ 


2 


v-juan.^wa 


09 


0^ 


Insertion  of  this  expression  into  Cvia)  and  (4Vb)  yields 


i  ( 


;(q2_^,2)g  ^  (qto§P)(-jpVE2-V(3P-§)7H^) 


^V 


-  5^  - 


I 


^i 


v^(q^-9^)H^  =  (dq-5P)(P^E^-P^H^) 


Returning  to  the  star  notation  instead  of  using  the 
symbol  P  and  further  applying  equations  (57a)  and  (57"b)  these 
equations  may  he  written  in  the  final  form     \ 


(42a).   .    V(q^-9^)(Ai-A2)E^=dP(q(A2VVi-A^VV2)  +  P9(7Vi-7y2)) 


(42b)        •(q^  -  92)(A^-A2)H^  =  -^(As^Vi  -A^VV^)  -  P^C^^i  ""  ^^5) 


i[ 


■4i 


I     i;      > 

I,,  Ti 


i 


M 


APPENDIX  IT, 


Equations   (1a),    (1b),    (5a),    (5b),    (6a)   and  (6c)  yield 


(45a) 
(45b) 


(A2-^P  jEz|r:=a+S 
-;)(A2-Ap 


H 


r=a^§  =  :V  1  -V2 


A2Vi-AiV2]r=a+5=-^l-^2^^P 

=  d(Ai  -A2)DP 


=a+o 


Here  and  in  the  following  r  =  a*f  is  inserted  in  the  expressions 

for  p  and  p'. 

By  above  equations  and  (8a)  and  (8b) 

c-A  e^^/^"-^^  +  B,e-^^1<^«*''^=P^(C  +  dAiI)) 
r=a+0 .  .  1  I 


(44a)   /a+o  y^ 


.'         \ 


r  ,      ^ 


1 


1 
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(44b)     /a+S^|V2 


r=a+6  =  h^ 


^^2^^^^)  +  l^Bf^'"^!^  '^^'^  =pV'^(C^dApD) 


Utilizing  the  assiimption  I>c|6«l      amd    iatr odxiclng  the 
parameters  t,. ,  u. ,  tp  and  Up  defined   .  bjj 


*i  = 


u^  = 


A^e^'^1^  +  B^e"^'^1®  = 


I'^Vi 


r==a 


(45) 


1 


A^e^^1^-B^e'^'^l^  =  j^ 


1 


35iO(/^»l'i)}r=a 


tp  =  Ape^^2®  +  Bpe~^^2®  =  ")/r\^'^ 


u^  = 


A  e^^2^-B  e"^^2®-  — 


r==a 


nO  fcrr  \«o)  i 

-J 


CD  or"  ^1       '2'  1  r=a 


equations   (44a)   and    (44t))  maj  be  reiovrifiten    into 


(46a)      va+ 


»  , 


'>'l\=a^-':  =  ^^'•^V^^i'^^'^'^  ^-(»1'J'.  ')B,e'^^^^ 


I 


I 


1 


1 


=  t.  +  d^.^^u^  =  pf9B'a+ty;(C+3/i^  D) 


(46b)     /^f*^2]r=a+£  =  (1+dX26)A2e^^2«2S-(tl-jX2^)B2e-^^2 


From  equations    (5a),    (5a)»    (8a)^',  0  (8tD)    and   (45)   is   seen 


(47) 


V^' 


'^2^1  -^lV2 


r=a=^2-tr-^^-=   ° 


The  relation 


(46) 


h 


^>=    4-^(^rV) 


.Sfvo 


if  i 


* 


8 


(i 


I 


r 


I 
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will  be  frequently  used  in  the  following. 

From  equation  (3c)  it  is  seen  that  (5b)  is  fulfilled  if 


2    _2 


(49)   V(q^-9^)(Ai-A2)[E^]p^a  = 


a 


q(A2Vi~AiV2)  -^  P^^VrVall  r= 


a 


'^(PS(^2Vi-^lV2)  ^  v?(q-9^)(VrV2))lr=a=0 


By  use  of  (45),  (4?),  (48)  equation  (^9)  can  be  written 


!/ 


I 


i 


<l 


(50)  - 


+  np^5)(t^-t2)-^  dPS(A2X^u^-A,X2U2) 


Now  u.  and  Up  can  he  eliminated.  Equations  (46a),  (46b) 


and  (47)  yield 


i 


(51a) 
(51^) 


j  (^2^^u^-A^X2U2)£  =  p/a^CA2-A^  )C 

^HX^u^-X^u^^S   =op/aH^(Ai-A2)D-  (ti-t2) 


Insertion  of  this  into  (50)  gives  following  expression  for 


*1""*2 


■BvC^-.i^(q-Q'  )3) 


(52)  t^-t2=p^^s(Ar^2)  ,(;.;^)(ug;n?^ 


a 


I : 


Ttv^'t. 


From 


equations  (8a),  (8b)  and  (45)  is  seen  that 


(55a) 


[^^  ^^  Vi ). 


r-a+6 


^  =  dXi(u^  +  jx^^tp 


V 


♦ 
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(55b) 


^(^^Va)   r=a^S  =  ^^2^^2^^^2'^^2) 


M  I 


1 


il 


1 


,1.  , 

I 


These  expressions  and  formulas   (55)   and   (4?)    ^justify  fol- 
lowing rewritings 


=  d(rt2X^u^-A,X2U2)-c(A2X^t,-/l^x|t2) 
=  -  1  pva^(A-,-A2)C+  p^.t(t^-t2) 


(5^b) 


Equations  (5c),  (45a),  (43b),  (48),  (52),  (54a)  and  (54b) 
together  with  the  definition  of  q  yield 


2  .2 


(55)   v)(q  -§'")(A^-^) 


E 


9J  3^ 


=a+S  =  -  ^'l('''2Vi-AlV2)  *  P^(VrV2)]r= 


a+0 


^(PV  (A2V1 -^1  >2) ^  ^^^"^^^  ^'^rV2)j  r=a+(i. 


1 

a+o 

1 


r 


p(i+ nq)(A2V,~A^V2)-<-(-^^^'^^i^-' ^P^5>(Vl-'^2)_ 


-a+5 


ya+6 


p(Ai-^) 


r 


a+ 


p(X+  nq)C 


np  9)D 


I 


Prom  the  same  equations  as  previously,  except  for  the 
application  of  (5d)  instead  of  (5c),  below  derivations  can 
be  performed 


I 

I 


' 
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•».  pCA^-AgX-Ps^+dvC^-f)^) 


+  np^9)-  V(q^-9^)& 


pCVV,  2  2. 


j6(a+6)-5^^^2^+n(1  +^)  +  n^q 


s 


p 


-d^ 


q""~9  q  -9     ^ 

.1 


^ 


D 


(q-9  )(1  +^)+^(1  -q)9 


a 


By  equations  (1d),  (6b)  and  (55)  following  characteristic 
equation  is  obtained 


(56)   p 


^S(a.8)-.ga^4.n(1.^).n^-^q9| 
~       (q-9^)(H-^)-^n(1-q)5)^ 


+  dnv^ 


1 


1 


-dv 


(q-?^) 


5(a^5).v42^ 


+  n 


q  -Q 


?^i 


(q-f^)(1+^)  +  n(1-q)9^ 


—  ■»- 


1 


1 


£~(a+5) 
p  ^ 


D  =  0 


2  .2^/ 


(57)  dv^(<i  -S  )CAi-A2) 


H 


9 


=a.S  =iTr[?^^2Vl-^V2)  -  P<lCVi-V2)]r=a.i 


« 


Rtejw  i.,"..v  >i..^   ^^  JilB' 


I 
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d 


I 


=  iT^L^I  ^  n<,)(A2-«fi-A,\'2)  +  P(|+  nq)(v,-V2)l  ^^^^^ 


^[^(\/i[qOV2Vi-AiV2)  *  PS(Vi-V2)l  ) 


=a+6 


+  fp(A 


1-^)- 


2      2  2    ^ 

q  -(j    +q(q"^    )^+nq(1-q)9 


a 


2  1'- 


(q-(^    )(1  +  ^)  +  iiCl-q)9 


^       -(q^-Q^) 


a+6 


4 

j(a+£)  +q 


^.n§(1.^).n2 


)(1  +^)  +  n(1-q)^ 


a 


OP  ■-'  !^  ^ 

a 


(q-V    )(^  +^)  +  n(1-q)9 


Finally,  by  equations  (1f),  (6d)  and  (57)  a  second 
characteristic  equation,  is  obtained,  which  together  with  (56) 
determines  the  constants  of  the  surface  wave. 


(58) 


T(a+6) +  q 


j£-n,(,.^)-n^il^. 


I 


i 
a 


(q-r)(1  +^)  +  n(1-q)q  ^ 


L_n(W^).n2q(1-q)9i 


-S^)(l+^)^^Cl-q)9 


a 


nv 


1 


1 


2   ^^ 


I 


^(a+5) 


D  =  0 
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